We propose and study resonant ladder schemes of inversionless lasing on a fast-decaying transition when the population inversion is not possible or very difficult to achieve. The driving field on a neighboring, slowly decaying transition is not imposed externally, but is self generated in the same active medium. Inversionless lasing in such schemes avoids the problem of driving-field absorption and leads to considerable reduction in the required pumping rate. Applications of such schemes include inversionless ultraviolet and soft x-ray lasing in gas lasers and inversionless generation of coherent mid/far-infrared emission on intersubband ͑interlevel͒ transitions in multiple quantum-well or quantum-dot laser diodes.
I. INTRODUCTION
Amplification and lasing without inversion ͑LWI͒ is a current research topic in quantum electronics. The basic idea is that quantum coherence created in the medium by means of a strong driving field helps to partially eliminate resonant absorption on the transition of interest and to achieve gain without population inversion on this transition. This subject has been intensively investigated both theoretically and experimentally; see Ref. ͓1͔ for reviews. Now, after a series of proof-of-principle experiments, the time is ripe for studying specific systems where the implementation of LWI could be of real help. It is clear that LWI could be particularly useful in situations where population inversion is difficult to maintain due to, e.g., ultrafast relaxation on the operating transitions or inefficient pumping. The obvious examples are high frequency ultraviolet ͑UV͒, x-ray and gamma-ray lasers ͓2͔, and semiconductor mid/farinfrared lasers based on intersubband transitions ͓3͔. Another promising application of quantum coherence ideas is efficient frequency up or down conversion and other nonlinear optical processes ͓4͔. A related field of research is producing transparent high-refractive index media, e.g., for microlithography applications ͓5͔.
So far, efforts in the above directions were mainly restricted to the case of external driving fields imposed on the active medium and to the schemes where inversion is absent not only on the operating but also on the driven transition. Work where the drive was intracavity generated appears in the recent paper ͓6͔, where dual-wavelength lasing in the ladder and V-schemes were considered with application to optical transitions in Ba and Rb atoms in a vapor cell.
However, in many cases, external driving gives rise to difficulties that can become unsurmountable. For example, in order to achieve high intensities of generated fields, or high refractive index, one has to use dense active media: dense gases or even solids. This can often lead to problems with drive absorption and reflection, transverse inhomogeneity, or overlap of drive and probe beams. Examples include semiconductors and very dense gases where the driving by external laser radiation is questionable. Besides, in semiconductors the use of external lasers for driving, pumping, or frequency conversion is impractical; electric current pumping is required for practical applications.
Schemes with external driving encounter substantial difficulties in the frequency up-conversion regime, when the copropagating geometry of the drive and probe field is realized. In this case the absorption length for the drive field is inevitably much shorter than the amplification length for the probe field ͓7-9͔. This follows from the requirement of fast relaxation on the driving transition, as compared to probe transition, which is inherent in such schemes. Note that there were several suggestions on how to get rid of this unfavorable ratio of relaxation times in the most popular V and ⌳ schemes, with or without inversion on the driving transition ͓7-9͔. In Ref. ͓8͔ , inversionless lasing on the fast-decaying transition in V and ⌳ schemes was analyzed. It was found that the net gain is possible when the populations on the drive transition are inverted and the drive or probe fields are detuned from one-photon resonance. In this case, the inversionless gain contains inevitably the large detuning factor in the denominator. The potential advantage of ladder schemes with slowly decaying drive transition is that the maximum gain for the probe field on the fast-decaying transition is achieved exactly on resonance; see below. In Refs. ͓7,9͔ it was shown that inversionless lasing on the fast-decaying transition in the V configuration can be achieved when both drive and probe fields are detuned from corresponding atomic transitions but maintain two-photon resonance. It was found that under the conditions of a strong inhomogeneous broadening, the maximum gain in the detuned case can be even higher than for the resonant driving. The price one has to pay is Raman inversion for the substantial amount of atoms within an inhomogeneously broadened line. Only the groups of atoms strongly driven by the drive field ͑with transition frequencies close enough to the two-photon resonance͒ do not have Raman inversion. Our analysis for the ladder scheme described in Sec. IV yields the same result. More-over, the requirement to incoherent pump is such that in the absence of a drive field, it produces the Raman inversion for all atoms within the inhomogeneous line.
In this paper, we study two types of resonant ladder schemes ͓Figs. 1͑a-c͔͒, labeled lower ͓Fig. 1͑a,b͔͒ and upper level ͓Fig. 1͑c͔͒ ladder schemes according to the position of the driving field, in which the driving field is not imposed externally, but is self generated in the same active medium. In other words, the system is a usual laser ͑with population inversion͒ on one transition ͑drive transition͒, and inversionless laser with respect to generation on another transition ͑probe transition͒. The goal is to get inversionless lasing on the fastest-decaying transition where it is difficult ͓scheme in Fig. 1͑c͔͒ or impossible ͓scheme in Figs. 1͑a,b͔͒ to provide population inversion. LWI becomes possible due to the coherent driving field generated on the neighboring, inverted transition. The inversion is easily achievable due to the slow decay on this transition. In such schemes, the problem of drive absorption is completely eliminated since the relaxation of populations on the drive transition is much slower than on the probe transition.
LWI in ladder schemes has been studied in a number of works; see, e.g., ͓6,10-12͔. However, to our knowledge, the specific case of LWI on a fast-decaying transition with selfgenerated drive on a slowly decaying transition, which seems to be the most natural and promising from the practical point of view, has not been analyzed so far.
The most evident application of the schemes shown in Figs. 1͑a,b͒ is quantum-well and quantum-dot semiconductor lasers, where the optical lasing on the interband transition (2→1) can be easily excited by injection current pumping, while mid-and far-infrared ͑IR͒ generation on the intersubband transition (3→2) encounters substantial difficulties.
Basically, there are two major problems. The first one is strong nonresonant losses of the IR field due to free-carrier absorption and diffraction, which become increasingly important at longer wavelengths. The second problem is difficulty in providing population inversion and high enough gain on intersubband transitions to reach threshold of laser action. The intersubband lifetime of excited states is of order 5-10 ps for quantum dots ͑QD's͒ and 1 ps for quantum wells ͑QW's͒. There were many suggestions to solve these problems by rapid depletion of the lower-lasing state using, e.g., the resonant tunneling to adjacent semiconductor layers ͓13͔, transition to yet lower subbands due to phonon emission or even stimulated interband recombination ͓14,15͔; see Refs. ͓16,17͔ for a recent review. The successful culmination of these studies was the realization of quantum cascade lasers ͓18͔, in which the lower-lasing state is depopulated either by interminiband transport in the superlattice or due to transitions to a lower-lying level separated from the final state of the laser transition by nearly the energy of LO-phonon; see, e.g., Ref. ͓19͔ and references therein.
We show in Sec. III that interband lasing on the 1-2 transition in Figs. 1͑a,b͒ allows one to achieve inversionless generation on the 2-3 transition for the ratio of relaxation rates r 32 /r 21 ӷ1, when the inversion between states 3 and 2 cannot be reached for any pumping rates r 13 . Another possible application of the lower ladder scheme is UV generation in rare-earth ion-doped crystals. Here, a self-generated drive can be rather easily excited on the forbidden f -f transition ͑this is actually the way that most IR rare-earth lasers work͒, while UV radiation at the electric dipole allowed, fast decaying transition between a f state and a higher-lying d state can be generated without inversion.
An appealing application of the upper ladder scheme in Fig. 1͑c͒ could be inversionless lasing on the electric dipoleallowed UV 2-1 transition where fast radiative decay makes the realization of population inversion a difficult task. At the same time, population inversion on a slowly decaying 3-2 transition can be rather easily achieved. With respect to lasing on the 3-2 transition, this is in fact a standard four-level laser scheme, widely employed in many solid-state and gas lasers. Here we assume that the incoherent pumping populates some upper level 4, and the subsequent incoherent relaxation from level 4 to level 3 proceeds much faster than all other timescales, so that only three levels can be considered.
It is important to note that in all of the above cases, the long-lived coherence is not required for inversionless generation. It is this fact that makes such schemes viable for semiconductors and high-frequency lasers where the dephasing times are extremely short.
Note that in two other popular configurations, ⌳ and V schemes, self-generated drive and associated inversion on the drive transition lead to additional absorption instead of excitation near the line center. In this case, inversionless gain could be possible only far from the resonance. Hence, resonant ladder schemes are in fact the only three-level configurations in which inversionless lasing with a self-generating driving field is efficient.
II. BASIC EQUATIONS
Our analysis is based on coupled density-matrix equations and Maxwell equations. For the reader's convenience, we present this basic set of well-known equations that are valid for all three types of schemes in Fig. 1 ͑see also Ref. ͓20͔ specifically for the QW and QD cases͒. We represent all fields as a series over the corresponding orthonormal set of cavity modes F and introduce slowly varying complex amplitudes of fields and polarizations. For example, we write FIG. 1. The simplest schemes of inversionless lasing with a self-generated driving-field. ͑a͒ and ͑b͒ Lower ladder scheme: strong driving-field E 1 is generated on the 2→1 transition giving rise to excitation of weak ͑a͒ monochromatic and ͑b͒ bichromatic lasing mode. ͑c͒ Upper ladder scheme: strong field E 3 on the 3 →2 transition leads to inversionless generation of field E 1 .
for the field on a 2→1 transition, and the same representations for the fields E 2,3 on other transitions. For each field, we define the complex Rabi frequency e(t)ϭdE(t)/2ប and write the corresponding wave equation for a given mode:
Here, d 1,2,3 are the dipole moments of the corresponding transitions, N the total volume density of dipole oscillators in the active region, c1,2,3 the frequencies of the cavity modes with refractive indices n 1,2,3 , 1,2,3 the cavity losses, and V c the cavity volume. The variables 21 j , 31 j , 32 j are the slowly varying amplitudes of the corresponding elements of the density matrix, index j labels different electron states contributing to the inhomogeneously broadened line. For a gaseous medium, j denotes different velocity states in the Maxwell distribution. In a system of QD's, j is the dot label. In QW's, index j labels different k ʈ states with respect to longitudinal quasimomentum lying in the growth plane.
The functions ik are to be found from the density-matrix equations where r ik are relaxation rates of transitions i→k, r 13 is the rate of pumping from level 1 to level 3. In semiconductors, this is valid for bipolar injection with equal injection rates of electrons to level 3 and holes to level 1. The index j is again omitted in Eqs. ͑9͒. For QW lasers, the rates of spontaneous interband and intersubband transitions and injection pumping are usually much slower than the rate of intrasubband scattering that tends to bring the subband populations to quasithermal equilibrium. Therefore, we can represent the phenomenological rate equations for populations as follows ͓21͔: Here, r i , iϭ1,2,3 are the rates of intrasubband scattering, ii (␦ j ) are the distributions of populations supported by pumping in the absence of strong laser fields.
III. LOWER LADDER SCHEME: INFRARED GENERATION IN SEMICONDUCTOR LASERS
In this section we suppose that a strong optical-field E 1 is excited in the laser cavity at frequency c1 equal to the central frequency 21 of 2→1 transition. As the most general case, consider the instability of a weak bichromatic field E 2 ϩE 3 in the presence of strong field E 1 , see Fig. 1͑b͒ . When d 2 Ӷd 1,3 and e 2 Ӎ0, the problem is reduced to the lower ladder scheme in Fig. 1͑a͒ . It will be shown that the case d 1 Ӎd 2 is more favorable since the excitation threshold for a bichromatic field can be lower than for the monochromatic field.
This kind of scheme can be straightforwardly applied to the inversionless IR generation in semiconductor lasers using transitions between levels of dimensional quantization. In the simplest case, only three levels are involved in generation: one ͑lowest-lying͒ heavy-hole level 1, and two electron levels 2,3; see Fig. 2 . Of course, this scheme also describes the situation when there are two hole levels and one electron level involved.
In semiconductor lasers, the strong optical-field E 1 is generated at the interband recombination transition between ground electron and hole states. With an increase of pumping current, the population of the excited electron level 3 grows. When it exceeds some threshold value, which is still much less than the population of level 2, oscillations of the weak IR field E 3 and polarization 32 at the low-frequency intersubband transition start growing exponentially. The instability is driven by the mixing of the optical-field e 1 and polarization 31 ͓second term on the right-hand side of Eq. ͑7͔͒, where the latter is excited by a two-photon term: 31 ϰe 3 21 ϰe 3 e 1 n 12 .
Another way of generating the field E 3 is by instability of the bichromatic field E 2 ϩE 3 that develops due to parametric coupling between partial components E 2 and E 3 mediated by a strong optical-field E 1 . This can happen for lower pumping rates than the excitation of a single monochromatic mode E 3 , and even without population inversion between states 3 and 1. In this case, we need all three transitions to be allowed by selection rules. In a QW, this will generally require using asymmetric structures, e.g., a rectangular well with different barrier heights as shown in Fig. 2 . Symmetric QW's can be employed in some special cases, e.g., in the case of a strong coupling between different subbands of heavy and light holes. In self-assembled InAs/GaAs QD's, the three-level scheme can be easily realized with all three transitions allowed ͓22͔.
Another requirement for the efficient IR generation by means of the bichromatic excitation is the phase matching between the IR mode and the polarization wave created due to the difference-frequency mixing of interband optical fields E 1 and E 2 . This requires a special wave guide design since refractive indices of bulk semiconductor materials for optical ͑near-IR͒ and mid/far-IR frequencies are different. The experimental work is in progress in this direction, and this issue will be discussed in detail elsewhere.
To find the generation threshold for the bichromatic field e 2 , e 3 , we search for the instability of small-amplitude selfconsistent oscillations e 2 , e 3 , 31 , 32 ϰexp(Ϫit), assuming for simplicity c1 ϭ 21 . The brief outline of this procedure is as follows. After adiabatic elimination of polarizations ͑see below͒ we are left with the linear system of the differential equations for two variables e 2 (t) and e 3 (t) with time-independent coefficients. The instability of the steady-state e 2 ϭe 3 ϭ0 is sought in a standard way, by applying a temporal Laplace transformation with a complex parameter . This is of course equivalent to looking for the solution proportional to exp(Ϫit). This results in a set of algebraic Eqs. ͑14͒, ͑15͒ with respect to Laplace transforms ē 2 (), ē 3 (). To have a nontrivial solution, the determinant of coefficients of this system should be equal to zero. The last requirement yields the characteristic, or dispersion Eq. ͑16͒ with respect to the complex parameter . We have to find eigenvalues of ͑roots of dispersion equation͒. The corresponding eigenvectors of Eqs. ͑14͒ and ͑15͒ are called normal modes. The stability of the normal modes is defined by the location of eigenvalues on the complex plane ͓Re(), Im()]. Namely, the given mode is unstable if corresponding Im()Ͼ0.
Since the resulting growth rate Im() turns out to be much smaller than the relaxation rates of polarizations, the adiabatic elimination of polarizations is justified. Then, the expressions for the polarizations ik in a linear approximation with respect to e 2 , e 3 take the form 21 The real parts of the terms G 2 ϵi2 31 22 Ϫ 2 , G 3 ϵi2 32 33 Ϫ 3 in Eq. ͑16͒ represent growth rates of the partial modes e 3 , e 2 , respectively. For example, when the transition 3→1 is forbidden and e 2 Ӎ0, the inequality Re G 3 Ͼ0 is the excitation condition for the IR field e 3 in the presence of a strong driving field e 1 . When both Rabi frequencies e 3 and e 2 are comparable, the dynamics is richer due to the interaction of two partial modes, and contains more possibilities for the IR generation of the field E 3 .
The condition for the instability of the bichromatic field is Im Ͼ0. ͑17͒
The maximum growth rate is achieved at the line center, ⌬ 2 ϭ⌬ 3 ϭ0.
Note that the population differences and the field e 1 are not free parameters, and should be found from the requirement of steady-state generation on the transition 2→1. It is worth noting that for r 32 Ͼr 21 and in the absence of generation on the drive transition, the population inversion on the operating 3-2 transition cannot be achieved at any incoherent pumping rate since n 23 ϰr 32 Ϫr 21 . When the drive-field intensity becomes much greater than saturation value, the 3-2 transition can be inverted, in principle, if p Ͼ1. However, for semiconductor lasers this requires field intensities greater than the degradation threshold; see below.
A. Homogeneous broadening
The intersubband transition can be homogeneously broadened in high-quality structures. The main reasons for inhomogeneous broadening are growth defects leading to interface roughness, fluctuations in the well widths and barrier heights, and size fluctuations in the case of quantum-dot lasers. Recent progress in molecular-beam epitaxy technology allows one to routinely grow quantum-well structures with purely homogeneous broadening of the intersubband transition even at room temperature ͓23͔.
In the case of homogeneous broadening, the requirement ͑17͒ yields at the line center:
where
͑23͒
For vanishing cavity losses 3 , 2 ϭ0 on the 3→2 and 3→1 transitions, we recover from Eq. ͑22͒ the known result ͓11͔:
Note that when the transition 3→1 is forbidden and e 2 Ӎ0, the excitation condition at the line center takes the form
which requires a higher pumping rate to the level 3, as compared with excitation of the bichromatic field. Indeed, it is easy to express Eq. ͑25͒ as
from which we obtain that the threshold pumping rate p decreases steadily with increasing drive intensity and in the limit ͉e 1 ͉ 2 /(␥ 31 ␥ 21 )ӷ1 approaches pӍ0.6. At the same time, the excitation threshold for the bichromatic field and the required intensity of the driving field are much lower; see Fig. 3 . It shows the driving-field dependence of the normalized pumping rate pϭr 13 /r 32 , which is needed to achieve the excitation threshold Im ϭ0 for a bichromatic field. The horizontal axis shows the driving-field intensity I 1 ϭ4͉e 1 ͉ 2 /(r 1 ␥ 21 ) normalized by the saturation intensity ͉e 1 ͉ sat 2 ϭr 1 ␥ 21 /4 for the 2→1 transition. The relaxation rates were kept at r 21 ϭr 31 ϭ0.001r 32 , which corresponds to real situation in semiconductors. Note that there are no long dephasing times in the system. All relaxation rates ␥ ik contain large nonradiative contributions r 32 , r 13 , or both. The self-generated driving-field e 1 was varied by changing the factor 1 2 / 1 . The curve in Fig. 3 reaches its minimum r 13 Ӎ0.15(r 32 ϩr 31 ) at ͉e 1 ͉ 2 /͉e 1 ͉ sat 2 Ӎ0.2, when the population density 33 at the level 3 is only 0.01 of the total electron density, while 22 Ӎ0.9. It can be shown that the minimum value of incoherent pumping rate scales as p min ϳ(r 21 /r 32 ) 1/3 and is reached for the driving fields below saturation value. Now let us take into account nonresonant losses 3 , 2 . For a single-monochromatic field e 3 , the excitation condition takes the form
This condition is illustrated in Fig. 4 , which shows the factor K th as the function of pumping parameter pϭr 13 /r 32 for n 21 ϭ 1 ␥ 21 / 1 2 ϭ0.05, which roughly corresponds to the driving field intensity ͉e 1 ͉ 2 /͉e 1 ͉ sat 2 Ӎ18 . As is clear from Eq. ͑27͒, this curve determines, for given p, the value of nonresonant losses K corresponding to excitation threshold. Con -FIG. 3 . The normalized pumping rate pϭr 13 /r 32 required to achieve the excitation threshold, as a function of the driving field intensity Iϭ͉e 1 ͉ 2 /͉e 1 ͉ sat 2 normalized by the saturation intensity ͉e 1 ͉ sat 2 ϭr 1 ␥ 21 /4 for the 2→1 transition. The curve is plotted for the bichromatic scheme in Fig. 1͑b͒.   FIG. 4 . K th , the left-hand side of the excitation condition ͑27͒ for the monochromatic field E 3 as a function of pumping rate p ϭr 13 /r 32 , showing the value of nonresonant losses K corresponding to the excitation threshold.
versely, for given losses K we can find from Fig. 4 the minimum pumping required to surpass the threshold.
For the bichromatic field, the excitation condition is given by inequality ͑22͒. If KӷK 2 and the terms containing K 2 are neglected, Eq. ͑22͒ can be rewritten as
2 n 23 n 13 /n 21 2 ͉e 1 ͉ 2 ϩ␥ 32 ␥ 21 n 13 /n 21 ϾK. ͑28͒ Figure 5 shows the left-hand side of this inequality as the function of the pumping parameter pϭr 13 /r 32 for the driving-field intensity ͉e 1 ͉ 2 /͉e 1 ͉ sat 2 Ӎ0.2. For these values of parameters, the partial growth rates Re G 3 , Re G 2 are negative, and the partial modes e 3 and e 2 decay for any p. Therefore, the instability develops entirely due to parametric coupling of two weak components of the bichromatic field, mediated by coherence 21 created by a strong driving field e 1 .
As is seen from comparing Figs. 4 and 5, at the given level of nonresonant losses K the excitation of a bichromatic field requires substantially lower pumping power and driving-field intensity than the excitation of a single e 3 field. The value of the driving-field intensity is only about 0.2 of the saturation value, while the excitation of a monochromatic e 3 mode requires ͉e 1 ͉ 2 /͉e 1 ͉ sat 2 ϳ10. However, this bichromatic mechanism of instability can be sensitive to the value of the parameter K 2 characterizing nonresonant losses on the 3→1 transition. This is illustrated in Fig. 6 , which shows pumping parameter p at the excitation threshold as a function of K 2 for Kϭ0.5, n 21 ϭ2/3, when the driving-field intensity ͉e 1 ͉ 2 /͉e 1 ͉ sat 2 ϳ0.4. At the same time, for n 21 ϭ0.05, when ͉e 1 ͉ 2 /͉e 1 ͉ sat 2 ϳ18, the threshold pumping for a bichromatic field practically does not depend on the value of K 2 . Apparently, in this region of parameters the instability is due to the excitation of partial e 3 mode that has the growth rate G independent on K 2 .
B. Inhomogeneous broadening
In the general case of inhomogeneous broadening, it is difficult to derive transparent excitation conditions such as Eqs. ͑24͒-͑28͒, and we provide a numerical analysis. To minimize the number of free parameters, let us adopt the QW-like model ͑10͒ for relaxation of populations and assume that all rates r i and ␥ ik of incoherent relaxation of populations n i (␦ j ) and polarizations ik (␦ j ) are equal to the same value ␥. This can be a reasonable approximation for QW lasers, where the dephasing of excited polarization and the relaxation of particle distributions are defined by the same process of intrasubband scattering with typical rate ␥ ϳ3Ϫ10 meV ͑timescale ϳ70Ϫ200 fs͒. More precisely, the relaxation rates are of course energy dependent. The initial relaxation of injected hot carriers occurs with timescale Շ10 fs. The relaxation times in Eqs. ͑10͒ are related to partially degenerate carriers close to the spectral positions of laser modes. These relaxation times describe the filling of spectral holes burned by laser field and should be substantially longer due to Fermi degeneracy. Note that the injection of carriers that supports quasi-Fermi levels of carriers occurs on a much longer timescale. The relevant parameters that characterize the efficiency of generation schemes are the populations n i supported by pumping ͑in the absence of generation͒ and the intensity of a driving-field ͉e 1 ͉ 2 required for excitation of IR radiation e 3 . The value of ͉e 1 ͉ 2 can be changed independently on n i by, e.g., varying cavity losses. Of course, for a given heterostructure, cavity, and wave guide, both parameters are defined by the pumping rate. The saturation intensity for the above values of ␥ is of the order of 10 MW/cm 2 . This is already close to the degradation threshold of QW lasers in the cw regime. Therefore, inequality ͉e 1 ͉ӷ␥ can be realized in QW lasers only in the pulsed regime. We assume, for simplicity, that the inhomogeneous widths u 21 ϭu 32 ϭuӷ␥,͉e 1 ͉. If the distance from the spectral position of a laser mode E 1 to the edges of the inhomogeneous profile is much greater than the power-broadened homogeneous linewidth ͱ␥ 2 ϩ4͉e 1 ͉ 2 , the precise shape and asymmetry of the inhomogeneously broadened line is not important for the excitation threshold, and we can replace it by Lorentzian.
Let us characterize the threshold conditions for the excitation of the weak-field e 3 or e 2 ϩe 3 by a ratio of pumpingsupported population differences bϭn 31 /n 21 , calculated in the absence of generation of a field e 1 at the instability threshold Im ϭ0. When bϽ0, there is no inversion both on 3→1 and 3→2 transitions. For 0ϽbϽ1, there is an inversion at 3→1 transition, but no inversion on 3→2 transition. We show below that inversionless lasing of the IR FIG. 5 . K th , the left-hand side of the excitation condition ͑28͒ for the bichromatic normal wave E 2 ϩE 3 as a function of pumping rate pϭr 13 /r 32 , showing the value of nonresonant losses K corresponding to the excitation threshold. field under the condition of strong inhomogeneous broadening ͉e 1 ͉Շ␥Ӷu is possible when 0Ͻbϭn 31 /n 21 Ӷ1, i.e., when there is population inversion on both 2-1 and 3-1 optical transitions, but still no inversion on the intersubband 3-2 transition. This may seem to be not very exciting. However, the most important point is that the pumping threshold can be several times lower as compared to the pumping rate required to provide population inversion directly on the intersubband transition 3-2. One should keep in mind that even the reduction of the injection current by a factor of two is crucial for the intersubband IR lasers since it may lead to a transition from liquid-nitrogen to room-temperature operation. Figure 7 shows the parameter bϭn 31 /n 21 required to achieve the excitation threshold Im ϭ0 as a function of the driving-field ͉e 1 ͉/␥. The parameters K and K 2 characterizing nonresonant losses were chosen to be Kϭ1, K 2 ϭ0.1 ͑upper curve͒, and Kϭ10, K 2 ϭ0.1 ͑lower curve͒. The function b(͉e 1 ͉/␥) turns out to be practically independent of K, but sensitive to the value of K 2 . For given ͉e 1 ͉, it behaves approximately as bϳ0.01ϩK 2 . This suggests that the excitation of the bichromatic field in this region of parameters is due to instability of the partial e 2 mode that develops only when there is population inversion on the 3-1 transition. This is illustrated in Fig. 8 , which shows the growth rate Re G 2 for the partial e 2 wave ͑upper curve͒ and the growth rate Im for the bichromatic field ͑lower curve͒ as functions of ͉e 1 ͉/␥ for bϭ0.3 and Kϭ1, K 2 ϭ0.2. The growth rates are normalized by 3 2 1 / 1 2 . Both curves have qualitatively similar behavior. Thus, under the conditions of strong inhomogeneous broadening it is the partial wave e 2 that helps to involve the field e 3 in the inversionless generation. The price one should pay for such generosity is obvious: the mixing ratio of the field e 3 in the bichromatic normal wave is rather small. With increasing nonresonant losses 3 , the ratio ͉e 3 ͉/͉e 2 ͉ decreases as 1/K. It is clear that for small values of ͉e 1 ͉, optimal for pumping, the bichromatic wave consists mainly of the field e 2 . Of course, the precise numbers should change at the nonlinear stage, when the exponential growth of both fields is saturated, but the general tendency of a small ratio ͉e 3 ͉/͉e 2 ͉ is likely to be preserved. As is clear from Figs. 8 and 9, the optimal choice of parameters is determined by the tradeoff between the requirements of a low pumping rate and the high efficiency of the IR generation. It is straightforward to find stationary field intensities in the case when two or three fields are simultaneously generated. To do this, we have to resolve Eqs. ͑5͒-͑7͒ with respect to steady-state polarizations ik as functions of detunings and population differences, to find populations from Eqs. ͑9͒ or ͑10͒, and to substitute the resulting expressions for polarizations to field Eqs. ͑2͒-͑4͒. This analysis, along with the study of a nonlinear regime of IR generation by two strong optical fields, is done elsewhere ͓20͔.
IV. UPPER LEVEL LADDER SCHEME: APPLICATION TO HIGH-FREQUENCY LASERS
In this section we consider excitation of a weak-field E 1 resonant with a 2→1 transition, when the strong lasing field E 3 is generated on the transition 3→2; see Fig. 1͑b͒ . With respect to the field E 3 this is a standard four-level laser scheme in which the decay of the lower-laser state 2 to the ground-state 1 occurs much faster than the decay of the upper-laser state 3: r 21 ӷr 32 . We show below that a sufficiently strong driving-field E 3 gives rise to excitation of the field E 1 under the conditions 22 Ӷ 11 and 33 Ӷ 11 typical for the four-level scheme. This means that inversionless generation on the fast-decaying 2-1 transition is possible at low rates of incoherent pumping r 13 Ӷr 21 . This should be compared with the pumping rate r 13 .
͑35͒
We illustrate this general requirement graphically. Figure 11 shows the left-hand side of this inequality as a function of pumping parameter pϭr 13 /r 21 for n 32 ϭ0.1, when the driving transition is already strongly saturated. Further decrease in the steady-state value of n 32 ͑that is, increase in I 3 ) leads to little changes. According to Eq. ͑35͒, the curve in Fig. 11 determines, for given p, the value of nonresonant losses K 1 at the excitation threshold. Conversely, for given losses K 1 , we can find from Fig. 11 the minimum pumping required to surpass the threshold. Inhomogeneous broadening of the probe transition 2→1 seriously affects the excitation conditions. For the above examples, typical values of radiative broadening are hundreds of MHz, while Doppler broadening for room temperature is in the interval 1Ϫ10 GHz. Numerical analysis for Dopplerbroadened medium shows that the gain can be achieved without an increase in incoherent pump and driving-field intensity when the driving field is detuned from resonance by approximately the width of the inhomogeneously broadened line. In this case, Raman inversion is actually present in the system, which means 33 Ͼ 11 ӷ 22 . This conclusion is close to those obtained earlier for the folded schemes, and the advantages of a resonant ladder scheme in the case of large inhomogeneous broadening are lost.
Note, however, that for pumping by collisional excitation in a gas discharge, the UV transition is likely to be homogeneously broadened due to collisions with energetic electrons. In this case, the above analysis is directly applicable. If the broadening is mainly due to inelastic collisions and r 21 remains much greater than r 32 , the advantages of LWI in the resonant ladder scheme are preserved. Correct evaluation of effective relaxation and pumping rates requires solving a complicated set of kinetic rate equations for any specific experimental setup.
V. DISCUSSION
In this paper we have studied several three-level laddertype schemes in which coherence-mediated inversionless generation becomes possible due to simultaneous lasing on the adjacent transition. The main outcome of our analysis is the possibility of exciting laser oscillations on transitions with very fast relaxation of population under conditions when supporting population inversion is difficult. In fact, the pumping threshold for amplification in the proposed schemes becomes much lower than needed for population inversion on the fast decaying transition since it is determined by the requirement of laser generation on another, long-lived transition, which is much easier to satisfy. This advantage is especially pronounced in the case of homogeneous broadening, though it can remain in a weaker form even in the case of inhomogeneous broadening. Of course, such an advantage is not given for free. The price is an additional requirement to the system parameters: favorable ratio of nonresonant cavity losses, or phase matching in the case of bichromatic excitation.
We have studied the application of those kind of inversionless schemes to the infrared generation in semiconductor lasers, and considered the possibility of high-frequency lasing in gas lasers.
Our calculations demonstrate the possibility to achieve generation of coherent mid/far-IR emission on intersubband ͑interlevel͒ transitions in standard multiple QW or QD laser diodes of simple design. The prerequisite for this is simultaneous lasing on the interband transitions, which provides necessary drive fields. This mechanism does not require population inversion on the IR transition, and can operate under the conditions of ultrafast dephasing times typical for semiconductor lasers. The proposed scheme is quite insensitive to inevitably large nonresonant IR losses and seems to be viable in the far-infrared region where very few semiconductor sources exist.
In gas lasers, our results indicate the principal possibility of CW inversionless UV and soft x-ray lasing, with probable candidates including hydrogen, helium, hydrogenlike, and heliumlike ions and other inert-gas ions, under the condition of inversion-based optical lasing on the adjacent transition.
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